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1 Introduction and Motivation 



The principle that gauge invariance demands massless gauge fields has produced far 
reaching consequences in so many branches of physics that possible peaceful coexistence 
of gauge invariance and massive gauge fields has been just recently established |T|. 
There exists a mass term for gauge field Lagrangian in (2 + l)-dimensions that keeps 
the gauge invariance and for nonabelian theories exhibits profound topological meaning, 
so-called the Chern-Simons (CS) term Thereby the initial gauge field Lagrangian 
should be 

L = L G + L CS (1) 

where Lq is the usual Maxwell or Yang-Mills term and Lcs is the term providing a 
mass for the gauge field. For nonabelian gauge group 

Lcs = -ke lmn Tr[d t A m A n + ^AA m A n ] (2) 

with e lmn as the totally antisymmetric tensor and the constant k must have a dimen- 
sionality of mass. (The Latin indices are used for 3-dimensional theory). Although the 
equations of motion are gauge invariant, L cs is not and transforms under large gauge 
transformations g with 

A m -> g~ l A m g + g~ l d m g (3) 

leading to 

Lcs - L cs + ke^diiTrldmgg- 1 ^}) + Svr 2 ^) 

w{g) = (2A7r 2 )- 1 e lmn Tr[g- 1 d l gg- 1 d m gg- 1 d n g] (4) 

Here all change has to be a total derivative, which is valid only locally in group space 
for w(g). Then the relevant action Scs — I d 3 xLcs includes the part proportional to 
the winding number 

W(g) = J d 3 xw(g) (5) 

which is an integer for compact nonabelian gauge group. This is the origin of k quan- 
tization. The complete analysis (it can be fulfilled properly for the abelian theory) 
establishes that k gives a mass for the excitations and we have massive gauge field 
which nevertheless respects gauge invariance. Moreover, unlike the Higgs mechanism, 
the presence of the CS mass term does not change the number of physical degrees of 
freedom for gauge field and the CS term does not get the quantum corrections for topo- 
logical reason in non-abelian theory J3|. It has been also shown |4j] that in the theory 
of gauge fields interacting with fermions the topological mass term can be induced by 
such an interaction and long-distance effective gauge theory includes the CS term. 

Initially this construction has arisen to get insight into quantum field theory. How- 
ever, when the quantum field theory at finite temperature has been recognized to 
become effectively three-dimensional ||, an idea of possible physical applications 
of the CS theory has appeared. In particular, it has been conjectured that the CS 
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term could play an important role in regulating the infrared behaviour of QCD high 
temperature phase j7|. As is known the fermion and nonstatic boson modes have been 
seen in perturbation theory to acquire a mass proportional to the temperature and 
one has believed that in the effective three-dimensional thermal theory the CS term 
should produce magnetic mass to screen static gauge (magnetic) field. But this highly 
desirable conclusion has not been held after gazing at topologically massive chromo- 
dynamics at finite temperature ||, [[J. Nevertheless the interest in the CS theory has 
been warmed up by recent attempts to explain the quantum Hall effect |T(J and high-T c 



superconductivity [TT| drawing planar gauge theory dynamics. 

Very important observation in this context is that the Chern-Simons term violates P 
and T symmetry. When the CS term is induced by fermion radiative corrections || the 
Fermi fields in three-dimensional space-time are described by two-component spinors 
and the fermion mass term violates P and T. It is also justified for massless fermions 
due to the mass term emerging in Pauli-Villars regularization which is necessary to 
keep gauge invariance against small gauge transformations with zero winding number. 
A comprehensive analysis of the origin of the induced Chern-Simons term makes one 
to recall that the complicated vacuum structure (^-vacuum) of QCD results in the 
prediction of P and T- violation in strong interactions unless 9 = 0. As is well-known, 
the term 

L ie = —Ol-GG (6) 
32vr 2 V ; 

where G is the dual tensor, being added to the complete QCD action 

Sqcd= I [dx](L G + L F ) (7) 
Jn 

with a fermion Lagrangian Lp, is the only one preserving the QCD Lagrangian as 
gauge invariant and renormalizable. Being the 4-divergency this term (|B|) does not 
lead to any change of the equations of motion. In Eq. (|7|) Q means various possibilities, 
in particular, 

Q = (i? 4 ; R 3 <g> S 1 ; S 1 <g> S 1 <g> S 1 ® S 1 = T 4 ). (8) 

Integration over R 4 denotes the usual space-time consideration, the finite temperature 
regime leads to the Q = R 3 (g) S 1 integration when the periodic or other boundary 
conditions are settled in one direction and the space Q = T 4 appears, in fact, at 
Monte Carlo lattice calculations. The present experimental estimate of 9 ranging up 
to 6 < 1CT 9 [O allows us formally to put 8 = 0. As a spontaneous breaking of P 



symmetry is banned by the Vafa-Witten theorem ||13|| , P and T-symmetry violations 
could be caused for Q = i? 4 -space by certain exotic mechanism. 

The situation is more sophisticated and promising for Q = R 3 ® S l ;T in Eq.([7|) 
with nonzero baryonic chemical potential \xb 7^ 0. There are enough reasons to believe 
the Vafa-Witten theorem is inapplicable for this approach. The proof of the theorem is 
based upon the fact that any P- nonsymmetric operator Q (if it is vector or tensor) im- 
planted into a functional integral with a corresponding source in Euclidean space (just 
after the Wick rotation) becomes pure imaginary. Then, the ground state will always 
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be upper than the state where < Q >^ 0. However, the presence of baryonic chemical 
potential makes the action, from the beginning, a complex quantity, thereby breaking 
the basic conditions of the theorem. In particular, it has been shown for scrutinized 
case that for S'L r (2)-theory in the strong coupling regime a baryonic condensate falls 
down leading to spontaneous breaking of U(l) vectorial symmetry [Q.The principal 
conditions of the Vafa-Witten theorem are not fulfilled for gauge theories on torus. 



When the gauge field winds a torus it changes up to gauge transformation |15| . The 
corresponding matrices should obey special requirement of selfconsistency. For exam- 
ple, the transformations of Cartan subgroup are admissible. At such constraints the 
gauge field matrices should gain complex factors and belong to various topological 
classes to be finally summed up over [16| . 



Ultimately, the status of that theorem is still unclear for the theory with singular 
potentials [[17] as well as for the theory in a dielectric vacuum which is generally de- 



scribed for SU (3)-theory by the complex matrices []18 . For both cases the fermionic 
determinant is not a positively defined quantity and has to contain imaginary additions 
being at variance with the conditions of the Vafa-Witten theorem [ 13| . Inapplicability 



of the latter in any case does not, certainly, mean that P or CP-symmetries should be 
spontaneously broken. 

If the #-term is out of in Eq.([7|) the only way to extract the CS term is to explore 
an effective action generated by fermions coupled to a nonabelian gauge field in three- 
dimensional Euclidean space ||. This action results after the integration over Fermi- 
fields giving for the partition function 

Z = J [dA^] exp[-J [dx]L G - T eff (A)\ (9) 

with T e ff(A) being the logarithm of the Dirac operator determinant 

T eff (A) = -IndetM(A) (10) 

where M(A) = D + m with covariant derivative D and fermion mass m of one flavour 
for simplicity. The conventional method of studying CP- or P-odd effects is to consider 
the expansion of the effective action in powers of the gauge field. One normally encoun- 
ters the same conclusion as to P- or CP-odd effects independently of the method of 
determinant analysis. They result from the Chern-Simons action ||22|| , [ 2~3|j though the 



coefficients of the Chern-Simons term turn out to be different for various regularization 



schemes [24 



In what follows we explore the possible situation when the Vafa-Witten theorem 
is plausibly inapplicable. First of all, analyzing a possibility of C or CP-symmetry 
breaking caused by the generation of Ao-condensate |19[ and/or the baryonic chemical 



potential /i# we clarify any relation of this phenomenon in finite temperature QCD 
with the Chern-Simons action. Moreover, Ao-condensate should be taken as playing 
a role of imaginary chemical potential of colour quark charges. It has been argued in 
PD| that the global gauge symmetry is also lost at the deconfining phase transition and 
it has been shown by means of Monte Carlo simulations for lattice gluodynamics in 
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unitary gauge that in the high temperature phase a nonzero expectation value of gauge 
field component in compactified direction < A > is developed. Detailed studying of 
the effective potential generated by quantum fluctuations has displayed the breakdown 
of initial SU(3)-symmetry up to its Abelian subgroup U(1)<S>U(1) at the deconfinement 
temperature. Since finite temperature consideration leads to compactification in the 
imaginary time direction an effective theory invariant with respect to the Cartan sub- 
group should be three-dimensional ||, plj and could include the Chern-Simons term 
0] justifying the way of inducing this term. 

Secondly, the discrete symmetry breaking manifests itself within certain regulariza- 
tion schemes. In particular, CP or P-symmetry breaking survive even after removing 
the regularization. Then the fermionic determinant can generate either #-term or CS- 
term in the corresponding limit (see, for instance, pi| ). We go through this item 
combining various chemical potentials (/xg, < A >) with some vacuum features (for 
example, non-zero dielectric constant). 

In order to keep a nonperturbative information as far as possible we are dealing 
with the lattice regularization of gauge theories in what follows. We are not solving 
the problem of introducing a lattice analogy of the Chern-Simons interaction directly. 
It is still the pending question because of large ambiguity in the definition of the 
wedge product [F23J. The final goal of our exploration is to formulate the most general 
features of T e ff(A) when the coefficient of the Chern-Simons action Scs comes about 
to be nonzero. There exist many ways to put down the fermions on a lattice. We 
discuss here only two of those making sure that the generation of the Chern-Simons 
term is strongly dependent on a concrete form of lattice fermion action. 

The organization of our paper is as follows. First, in Sec. 2, we are constructing 
the perturbative expansion of T e ff(A) employing the Wilson fermions with no fermion 
doubling. Executing the reduction to the three dimensional formulation we find out 
the conditions when the coefficient of Scs is non-zero in this approach. Sec. 3 is devoted 
to studying the gauge theory on a torus with the Kogut-Susskind fermions. Analyzing 
the four-dimensional formulation we deduce the properties of T e ff(A) when it includes 
the 0-term. Then it is shown how the latter is reduced to Scs when < A >^ is 
available. Finally, the conclusions are drawn in Sec. 4 to summarize the necessary and 
sufficient conditions to include Scs- 



2 Generalized Wilson fermions 

Since a naive rewriting of the lattice fermion action generates the problem of fermion 



doubling [26] there exist two widely used forms of the lattice fermion action: the Wilson 
action S^r and the Kogut-Susskind action S^ s where this problem is solved completely 
(for Syy ) or partially (for S^ s ). However, it leads to the breakdown of some symmetries 
of the Lagrangian at the classical level (it disappears in the continuum limit). We start 
from the Wilson action 

S w = ^a 3 ^[^(x)f/ At (x)(r-7 At )^(x + a / ,)+'*(x)f/+(x-a / ,)(r + 7 / ,)^(x-a / ,)] 
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(11) 



It was originally taken with r = 1 
more general choice r = s exp (^75 



27]. Then it has soon become clear [^| that the 
with < s < 1 is admissible. In fact, the naive 



continuum limit takes place at any set of parameters and leads to the theory of Dirac 
massive fermions coupled to a smooth gauge field, but the chiral symmetry is explicitly 
broken at any 9 and s, and for 9 7^ 0; it the CP-symmetry is broken as well. The Green 
function takes the form (at zero temperature) 



(p) = - exp(z#7 5 ) ^(cos ap^ — 1) H sin ap^ + m 
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where it is quite transparent that the elimination of unnecessary degrees of freedom 
happens as well as for r = 1. However, 9 dependence persists in the quantum theory 
even after taking the continuum limit. In Ref.[^9j the result was obtained 



lim 



Z e {A) 
Z e (0) 



lim 



Z (A) 
Zo(0) 



(13) 



where 



and Q is defined as 



Z e {A) = / D^D^expl-S 



w 



Q 



l 



32tt 



;6^S P (F, U F ( 



a/3) 



Thus, despite the classical limit is independent and CP- violation is absent, it does 
not take place in the quantum theory. Important result for our motivation comes also 
from Ref.p^l where three-dimensional Abelian theory was considered for r = — 1 with 
the action (ITT]) and the following Green function 



G (p) =m a n sm ap n H sin — — 

a a 2 



(14) 



where a n are the Pauli matrices. It follows from Eq.(|T4"D that there is no species 
doubling, the propagator is regular at all p ^ and is reduced in the continuum limit 
to the standard Feynman form. Moreover, a positive transfer matrix acting in the 
proper Hilbert space does exist. One could conclude that the lattice theories with 
r = ±1 are in the same universality class. However, it is not true even in perturbation 
theory. The results of Ref. |24| show that the fermionic determinant at r = — 1 generates 
the Chern-Simons term Sqs an d in the continuum limit we have for effective action 



lim ImT(A) 
lim T(A) 



c g 2 S C s + rrh(A), 
iCoog 2 Sos, 



(15) 



here h(A) is an integer and cq = Coo + 7r,Coo = 2nn. We could, thus, make a conclusion 
that the Wilson parameter r plays an important role of the quantity dividing the initial 
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action into different universality classes that are characterized by the parameters of the 
nonuniversal terms of an effective action (#-term or Chern-Simons term) and are defined 
by the parameter r. The calculation we provide here confirms this assumption. 
From now on we use for the parameter r the most general expression of Ref . 



r = sexp(i07 5 )T, < s < 1, 0<9 < vr, (16) 

where T is an arbitrary hermitian matrix acting in fermion space and T 2 = 1 should 
be valid. If T = 7 M the action at m = is chiral symmetric and at arbitrary T and 



m = it is invariant under transformations |30] 



^ exp[za7 5 T]^, ^ -> ^exp[ia7 5 T] (17) 

where T anticommutes with T. We are interested here in T = 7 T^ ( T/ is acting, 
for example, in flavour space) as it leads to the Chern-Simons term ( of course, the 
other possibilities are not excluded). Denoting lattice spacing in spatial (temperature) 
direction as a a (ap) and space dimension as d, we have for the action 

I d _ 

Sw = -ala^J2Y^^( x ) U ^( x )^( x + a ^) + ^( x ) U a (x-a a )r)+V(x-a a ] 

^ X 

+ malap ^(x)^(x) - dala^s J2^{x) exp(i6 l 7 5 )T^(a;) 

X X 

- alsj^^ (s)exp(z07 5 )T*(z). (18) 

X 

We introduced here 

r)f = exp[±a (J a](exp(ii6 l 75)T ± 7 CT ) 

r)f = exp[±a /3 /ifc](exp(i6 l 75)T±7 )exp(=F«A) (19) 

where 7 M represents Euclidean version of the Dirac 7-matrices, a can be interpreted 
here as a chemical potential if it is real or as an external constant Abelian field if it 
is imaginary and fi is the baryonic chemical potential. Then k — 1 if this chemical 
potential is conventionally introduced on the lattice or k = 75 if we introduce the 
chemical potential similarly to having different chemical potentials for the left- and 
right-hand fermions, i.e. fik is the matrix 

(20) 

with fi being 2x2 matrices, and finally A =< apgA >. We do not fix the gauge here 
assuming periodic boundary conditions for the gauge field and antiperiodic ones for 
the fermion field. Constructing a perturbative expansion of the fermionic determinant, 
we keep in mind only definitions ([[]) and (0) as any such expansion for the smooth 
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A^(x) potentials brings us directly to the continuum. This remark is rather important 
as lattice non-abelian formulation of Scs is n °t yet well developed. A finite-difference 
form for that is not gauge-invariant and using the compact lattice fields we come to 
the same problems as for the 9- term |33[] (its standard definition on a lattice is correct 
only in the week coupling region). For Abelian lattice theory this problem is hopefully 
solved and Scs can be given in the gauge invariant form [[33| . 



In order to construct the necessary expansion for g »s we introduce for the gauge 
field matrices 

^{x) = E^-[M^)) k (21) 
fc=o K - 

(An(x) = A c ^(x)t c , where t c are the generators of SU(N) in the fundamental represen- 
tation). Then the effective action in ( |TUD can be easily given as 

T eff (A) = -Sp\n[G + Y,9 k D k ] (22) 

fe=i 

and 

(7=1 

D k = | H(ia»A(i))*kC + (-™„A a (x)) k ±r]+6*- a °} + (23) 

^(ia p A (x)) k ^5^ + l(-ia p A (x)) k ±r]+5*- a P 
with £ = or, rewriting, we obtain 

reff(A) = -£ L-J-Sp[(£g k D h )G- 1 ] 1 -SplnG (24) 
i=i 1 k=i 

It is clear now that only D\ contributes to Scs as 1(A) is a third power polynomial in 
Afj,(x) and it includes various components of the potential A^x). It brings us to 

Feff(A) = 9 -^[T 2 (A) ~ \gT*{A)\ - f eff (A) (25) 

T k (A) = 5p[( J D 1 G- 1 ) fc ] (26) 

In Eq . fl25|) T e ff(A) includes the higher contributions of D\ together with contributions 
of Dk(k > 2), exhibiting probably universal behaviour as will be discussed below. Now, 
Fourier-transforming the gauge potentials 

/n/a a (f&Q 2 l 27TZ 

— ^ e*v[iq a (x a + -a a ) + — nr]A^(q a ,n) (27) 

-ir a „ (in r 2 iVfl 
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(time periodicity is taken into account here) we have for the Green function (making 
allowance for fermion antiperiodicity) 

1 d 

G(p,k) = S 1 = — YsiVa exp(-ip a a a ) + 1]+ exp(ip a a a )) + 

la o a=l 

1 . . 2iri 1., r27T2,, 1.,. dr r , s 

^— (Vo exp[- — (^ + -)] + exp[— (fc + -)]) + m (28) 

Summing up properly in Eq. (|26|) we find 

— £ A.(9.")n^(-g,-n)- (29) 

-7r/a CT {ITT) 6 N(j 



1 



r 2 (A) = ? f^<(g)n^ m (g)^(-g). (30) 

J -it a„ Z7T ° 



The exact expression for n Mt/ (g, n) is very unwieldy and we drop it here as in what 
follows we shall need only its reduced form. The reduction is quite standard pifl , || 
and means that in all summations over discrete frequences we keep zero modes only 
as contributing dominantly at high temperatures. Moreover, we neglect the dynamical 
part of Aq, i.e. fluctuations around < A Q >, which become massive |34]. This approxi- 
mation does not conflict with periodic boundary conditions unlike in where gauge 
fixing Aq = is incompatible with boundary conditions. The dominant contribution 
comes from < A >-condensate changing effectively the vacuum which is reflected in 
the structure of Green functions. Afterwards the effective action becomes 

f7r/a CT £>q 
T/a a (27r) 

where all bars mean three-dimensional quantities and the reduced tensor takes 
the form 

K b m = Sp c Sp s -^%[rint a G-\p- q -)v m t b G-\p+ q ) e -^ + ^ + 

V +t a G-\p - ^v+t b G-\p + |)e^+^) - V ~t a G-\p - l)v+t b G-\p + |y<P»-*»>- 

V + J a G-\p - \)ri-jG-\p + q -)e-^-^] (31) 

a, b are colour indices; n, m — 1, 2, 3, and trace is taken over the colour (spinor) indices. 
In the x-space this approximation implies that we use the static configurations averaged 
over all time interval 

The reduced Green function can be utilized in the following form 

G{p) = S' 1 = m + i— sin a a (p a — ia a ) H [cos a a (p a — ia a ) — 1] + 

— KVo exp(-— ) +<exp(— ) -r) (33) 



(G(p) are still diagonal matrices in colour space due to the presence of A). Similar but 
much more tiresome calculations can be made for r 3 (v4). As a result we have 

F 3(^) = I"'" ^^K( qi )A b m (q 2 )At(- qi - q 2 )K% k ( qi , q 2 ). (34) 

Now we are ready to calculate the coefficient in front of the Chern-Simons term. Bring- 
ing the action Sqs m t° the momentum representation we have from Eq.(^) and Eq.(Q) 

Scs = ~ke nmk Sp J 0- 3 [A n q m A k + 2 -J ^A n {q 1 )A m {q 2 )A k {-q 1 - q 2 )\ (35) 

Introducing the definition g A —>■ A into effective action and comparing T 2 (A) and 
r 3 (A) with (|35|) we recognize that small momentum behaviour of n nm and B nmk is 
very important. Since at m > the Green functions (^) are regular for any p we can 
construct their power expansion in p. Then, as ft nm (0) = we have 

rWg) « Yl ^T^ \i=o Qk +0(q 2 ) (36) 

and calculating 

d n G(p) = ij n cos a(p n - ia n ) - r sin a(p n - ia n ) (37) 
(no summation over n) we can write 

nl(g) = -S Pc S Ps f n/a -£p (38) 

J-tt/o, [271 )° 

[{d n G{p))t a G- l {p- q -){d m G{p))t h G-\p+ |)] 
From (|35|) and ( |38f ) it is easy to conclude that 

[<9fcIT nm (g)] 1 5=0= aoCnmk (39) 

where 

1 fx/a d^T) - - - - - - 

G o = a / jTr^e^SpcSpsliG^dnG^G-'d^iG-^G)} (40) 

J-7r/a (27T)' 3 

For the tensor B nmk 

B nmk {q) ^ B nmk (0) + 0(q 2 ) (41) 

with 

r/a ^ 
-vr/a (27r) 



5„ mfc (0) = f " ^Spiv-G-^-G-^G^e-^+v^ + ...] = Tl nmk (42) 

J—irla [271} 

using the property 



^ ] A n A m A k Yl nmk ^ ^ ] A n A m A k (Yl nmk Yl nkm j 
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we can find 

-^(J^nmk — n n fc m ) = —[diJI nm {q)] \ q =0= — <2o e mnfc (43) 

Then substituting Eqs. (|36"l) -(f43"l) into the definitions of T 2 (A) and T 3 (A) we obtain (with 
A^gA) 

T 2 {A)- 2 -Tz{A) = S cs + 0{q 2 ) (44) 

and 

k = a (45) 
using the definition Eq.([$5|). From the structure of the colour traces in Eq.( 

Sp c [G~H a G~H b G~ 1 ] 

it follows that ao is not proportional to A and hence may be nonzero when the < Aq >- 
condensate is absent. Hence, the first conclusion from above ascertains the absence of 
simple perturbative interrelation between < Aq > and generation of the Chern-Simons 
term. Now let us take A = and the Green function to be proportional to the unit 
matrix in colour space. Keeping the spinor traces in the definition of ao and redenoting 

Scs O'qScs 
we finally find for the effective action 

T eff (A) = ^-S cs + 0( q 2 )+f eff (A) (46) 

and for 7/^ we have 

T)o = exp(±ap[ik)(r ± 70). 

Analyzing ao we consider three possibilities. 

1) k — l;r = s exp(z#75). It is convenient for further calculations to represent G^ 1 
in Eq.([J3|) in the form 

G- 1 = i , G_ = G(-p, -a, -6, -fi) (47) 

Lro 

where 

G = G(p,a,9, fi)G(—p, —a, —6, —fi) (48) 
and contains no 7-matrices. It does not make any difficulty to demonstrate that 

i r*/ a d 3 p cos ap n cos ap m cos ap k 
a ° = ~r / , 7T~\3 Anmk ( 49 ^ 

6 J-n/a (2lt) A \Gq) 6 

with 

A nmfc = e nmk Sp[G-^ n G-^ m G-^ k ] (50) 
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Tracing over spinor indices in Eq.flSUD we get convinced that 



ao = (51) 

(for every combination of 7o7n7m7fc there exists the combination with an odd number 
of permutations resulting in a cancelation of each other). In a sense, this result explains 
the one of Ref. If we were dealing with the left-hand fermions only as in j| it would 
lead in our notations to 

A nm fc = e nmk Sp[G-(T n G-a m G-(Tk\ (52) 

and 70 = 0. Then ao is expressed through the winding number of the free fermion 
propagator and is still finite in the limit m —>■ 0. We understand in this case that the 
left-hand fermion contribution annihilates implicitly the contribution of the right-hand 
fermions. Any nonzero contribution in this case demands the symmetry to be broken. 

2) k — 75. In the continuum limit it corresponds to the term i^ r )Q r y^> in the 
Lagrangian instead of i^^o^ |j32"| . The Eqs.fl47D-(|50D do not change and we have up 
to an unessential constant 

rw/a (ftp cos ap 1 cos ap 2 cos ap 3 2 . 
a o ~ l ^ I fa \3 I7i \3 * = tfil{m, fi, (J). (53) 



r/a (2VT)3 (G , 



Futher we drop the potentials a a as they are not important in generating ao and then 

2s cos 6 d 

A~m - 27r( / 9)~ 1 s sin apfi sin 9 H V] [cos ap a — 1] (54) 

a (7 cr=l 

Eq.((5*3"|) and this definition make the difference from the three-dimensional case and 
from the left-hand fermion model fairly transparent I ~ — and ao — > at the limit 
m — > 00. Moreover, I ~ (3 at (3 — > which is in agreement with ||. It is quite evident 
that the Chern-Simons term is always induced if one introduces different chemical 
potentials for the left- and right-hand fermions as in ([2~0|). 

3) The most interesting case is \i = and r = s exp(i6 , 7 5 )7 . Its classical limit 
results in the initial action ([?]) with \xb = 0. However, the explicit calculation gives 
that 

d 2 

a w sin 6v——F{v) , v = (ma + 2 cos #) 2 (55) 



where 



dv 2 



F(V) = Jo VT^ dr Jo d * Jo^ ^ * [V 1 -^ 8111 ^ 008 ^ 2 - !] ( 56 ) 



(27r) 3 Jo H 4r 2 jo 



In fact, Eq.(|53D coincides with the expression for the ^-term coefficient |29| (in that 
reference one could also find its approximate calculation). Thus, in this case the break- 
ing of CP-symmetry at the quantum level is quite enough although at the moment it 
is unclear why one should take just this value of the Wilson parameter r. 
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At the end of this section we would like to discuss once more the conclusion about 
universality of the abandoned part of the action. Usually similar proofs are based on 
the Reisz theorem |$5], like in Ref.[|4[] where it has been successfully used for three- 
dimensional theory at zero-temperature. Unfortunately, we were not able to provide a 
finite temperature generalization of this theorem and it means, strictly speaking, that 
the question as to the universality of the T e ff(A) and 0(g 2 )-corrections is still pending. 
However, if we restrict this consideration to static fields in 0(q 2 , A) only, the conclusion 
about the independence of all corrections of the parameter r (i.e. universality) can be 
drawn as it corresponds to the regime analogous to Ref . ||24|| . 



3 Generalized Kogut-Susskind fermions 

Here we investigate lattice gauge theories on the torus with staggered fermions de- 
scribed by the action 

I d _ 

Sk-s = ^ E Vn(x)y(x)U n (x)ty(x + n)+maY,y(x)ty(x) (57) 

x,n=-d x 

and we use the following rules 

r]- n (x) = -T]n{x)] a_ n = -o n ; U- n (x) = U+(x - n) (58) 

It is known from the original paper by Susskind [ 35 1 that the rj symbol in Eq. (E7|) arises 
in the action after diagonalization of the initial naive action over spinor indices. As a 
diagonalizing operator one takes usually the unitary operator 

To=Y[(l»r (59) 

and then the r\ symbol is in the well-known standard form 

rf n { x ) = (60) 

It is quite understandable that ( |59"D is not the unique choice for this operator, even in 
it is defined up to a factor e for which e 2 = 1. Taking , for example, e = exp[ink(x)} 
where k(x) is any integer we obtain a more general form of the unitary diagonalization 
operator 

d 



T\ = [\[{ lu ) x »}e™ k{x) (61) 

and for the r\ symbol we have 

T} n {x) = (x)j n Ti(x + n) = r^{x) exp(in[k(x + n) - k(x)]) (62) 

However, at any choice of rj the action fl57p in the continuum limit describes massive 
Dirac fermions with four flavours. As to the chiral properties of Eq.(|57]), in massless 
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limit it is invariant under global U(Nf)®U(Nf) transformations of fermionic fields |37 
At the first sight the theories with different form of rj should be equivalent but this is not 
always the case. To our mind there exists, at least, one choice for rj when the fermionic 
determinant can generate a nonuniversal contribution to an effective action. In a sense 
it looks like the situation with the above discussed Wilson parameter r subdividing the 
original classical theory into different universality classes related to a concrete choice 
of x-dependence of integer k in Eq . fl62|) . We are able to demonstrate that nonuniversal 
contribution for the gauge theory on torus at rather plausible assumptions should 
contain the Chern-Simons action, although we cannot prove that it is the unique one. 
We start from the four- dimensional fermionic determinant and have for Eq.flTUD 

T e// = -N\nma-Y / j^ySp[(D) 1 ] (63) 

with 

D= J2 D n , D2 y = 6y +n Vn (x)U n (x)e-» a (64) 

n=—d 

The closed loops only will contribute to T e ff just due to the original gauge invariance 
and the l-ih order in the expansion (|63"D corresponds to the loop of length I as 



h = Sp[(D) 1 ] = £ Sp[l[ 5*^7)^)17^)} /(/i) (65) 

Xj,nj;a: ;+1 =a;i j=l 

with /(/i) = 1 if the loop does not wind the whole torus and /(/i) = exp(— /3/i) (exp(/3/i)) 
when the loop winds the torus in the positive (negative) direction. Summing up in 
Eq.(|65"D we find 

U ni (x) U m (x + Tlx) . . . U ni (x)} 

Xj ,rij;xi+i=xi 

= YfMv(C)SpU(C) (66) 

c 

where C is a closed loop. Here we used the following rules 

VnVm = r] n (x)r] m (x + n) (67) 

and keeping it in mind we are able to show the existence of rj symbols obeying (in 
particular, like Eq.(^)) 

{rjnVm} = 2S nm (68) 



Our strategy is to demonstrate, firstly, that Eq. ( |66"D includes a contribution transform- 
ing to #-term in the continuum limit. We need then ^-symbols with the following 
properties 

VnVmVkVl = e nmkl (69) 
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for n m k I and for any arbitrary indices the contributions like r] n 7] m appear. 
Putting down k(x) = Xix 3 in (|6lD we find 

T = T (-l) xlXa , 

m = , m = (-ir , m = (-ir , r] 4 = (-i)-i-^-^ (70) 

which results in 

VnVmVkVl = e nmkl + SnmVkVl- 

The similar ^-symbols had been originally introduced in Ref. 



Now we consider an arbitrary C in Eq.(|66|) winding around a torus and contributing 

B(C) = VnVrnVkViUniyWmiy + n)U k {y + n + m)Ui{y + n + m + k) (72) 

with n m k I. Parametrizing U n (y) in the standard form with potential 
behaving smoothly 

ry+n 

U n (y) = Pexp[tg / d£A n (0} G SU(N) (73) 

where A n = A^t a we get in continuum limit, expanding U n around y from the part of 
loop C including four links 

B(C) ^ a ^ a i g 2 e nmkl d n [A m d k A l + ^A m A k A^. (74) 

For B(C)r){C) it gives 

B(C)r](C) -^ a _ B(C)r](C/C)[l + iagA p {y + n + m + k + I)...]. (75) 

Since we need the limit of the lowest orders in a and g only, it is enough to consider 
the loops containing one antisymmetric tensor or two ones if four links which should 
be covered in the opposite direction (regarding to the initial one) are running succes- 
sively. The point is that for getting the proper continuum limit one should take the 
"empty" links (i.e. number one in the expansions such as ([75])) as the factors and such 
contributions cancel out due to the evident property 

^ t tnmkl 
nm 

at those "empty" links. Let us consider the case of two antisymmetric factors available 

d ni (A mi d kl A h + -jA mi A kl A h )] 1 1... 

[o 4 e n2?Tl2 fc 2 z 2 <9 n2 (A m2 d k2 Ai 2 + — A m2 A k2 Ai 2 )] 1 1... (76) 



The boundary conditions for torus of period I take the following form JL5 

A u (x) = n-\x)A^x + l v )Q v (x) - [d^-\x)}Q v {x) (77) 
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where G SU(N) and satisfies the conditions |IE 



ty,(x + i u )n„(x) = n u (x + i^n^x) (78) 

when the matter fields are present. The matrices Q(x) subdivide the theory into differ- 
ent topologically nonequivalent sectors which one should sum over (this is equivalent 
to summing over all boundary conditions [[H|). Substituting 



Ap(x) = n~ 1 (x)Ap(x + l)Q(x) - [9 M n _1 (x)]fi(x) (79) 
into Eq.(|76"D and summing over similar loops in Eq.(|66D we have in the continuum limit 

Ii^anJ (fxF^F^ = an J ^xe^Spld^A^dpA^ + -^-A u A p A a )] (80) 



with 

n 



dspe^apSpiVvVaVp) (81) 



24vr 2 

where V v = Vtd v Vt~ l . 

Considering the loops with one antisymmetric tensor, one should keep in mind that 
the loops which differ in a couple of "empty" links only, for instance, f] n {x)r] m {x + 
n) and i] m (x)r] n (x + m) cancel out in the continunm limit, owing to Eq. (E^) , when 
summing over all loops. It follows also from (|B"S[ ) that only those loops survive where 
one makes two steps successively in each direction for any "empty" link or, in other 
words, only loops with even number of steps over the "empty" links to each direction. 
More comprehensive analysis shows that an odd number of steps is admissible in any 
(or in any but one) direction. Thus, the total link number in each or in each but 
one direction must be an odd number if one would like the #-term to appear. Then, 
however, neither the operator To in Eq.fl59"|) nor the operator T in Eq.fl6"T|) diagonalizes 
the initial fermionic matrix D = 7„-D n placed between the first and the (iV — l)-th sites 
at the last link on torus. We do not know any operator of ( [70] ) or any others which 
could be suitable for a lattice of odd length. That is why we consider in what follows 
the loops which differ in a couple of " empty" links only. In this situation the #-term is 
still available only when a nonperturbative vacuum does exist in the theory. We mean 
the following. 

Let us take the matrix U n (x) in Eq.(|73|) as 

U n {x) = Z n {x)U n (x); Z e Z(N), U e (82) 

Then the contribution of the loop parts which differ in a couple of links is 

VnVmU n (x)U m (x) + r] m 7] n U m (x)U n (x + m) « 1 - Z(p)U(p) (83) 

(p is the plaquette). The following reasonings are applicable not only for the theory 
on torus but for any theory with Q = R 3 ® S 1 . Two options are possible at least. 
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'i) Z(iV)-mechanism of quark confinement where the vortex condensate changes the 



vacuum structure and the symmetry SU(N) — > Z(N) is well elaborated p9 |. Then, 
unlike the naive expectation, the important contribution to the path integral comes 
from not only an identity element of group but from all elements of Z(N). In this 
example it means that we must not put Z(p)U(p) = 1 into Eq . (|8~3"D if we need to 
reproduce properly the structure of quantum theory vacuum. It seems to us that the 
more reasonable way is to sum over all configurations of center of group in the path 
integral and then to construct the continuum limit of U(p). Unfortunately, we have 
not managed to perform these operations, although several promising hints could be 
found in |TjJ to succeed. Nevertheless, it is clear that the #-term may be generated 



in this way and if the vortex condensate appears in such a theory [fE]] the coefficient 
of #-term should be proportional to that condensate. Thus, the fermionic determinant 
could generate the #-term with a coefficient depending on a winding number as in 
Eqs.(|80l),([BT|) or on the configurations related to Z(iV)-group. In the deconfined phase 
at high temperature where the field configurations 

A = const, d A n (x) -> (84) 

are dominating, the #-term is reduced to the Chern-Simons action with the coefficient 
2n(3 < A > ET . 



(ii) Treating again the theory given by Eq.(57) with r] symbols (|70j) we fix the static 



diagonal gauge OqAq = and following |42j we reduce the fermionic determinant to the 
effective three dimentional theory. Specific feature of that operation is an averaging of 
lattice gauge field matrices but not of the field A^(x). It is provided by the following 
change of variables in the path integral 

U n (x, t) -> $ n (f) = —Y. U n& t) (85) 
where 3> n (x) can be given as 



$ n (f) = p n (x)U n (x) (86) 

with U n (x) G SU(N) and p n being a positively defined matrix for SU(N),N > 3 
and < p < 1 for SU(2). The theory obtained is invariant with respect to time- 
independent gauge transformations. Eq.(|%5]) turns into standard reduction procedure 
with p n = 1 in the naive continuum limit and means that taking high-order expansion 
leads to appearance of a new vector field. Moreover, this consideration could be done 
explicitly if one could calculate the corresponding Jacobian. Omitting the pure gauge 



part which is not interesting now, for SU(2) theory the Jacobian takes the form [42] 



J ~ exp[-iV^(a:)] at Np > 1 (87) 

Conceptually it is rather important that the field p n may be tractable as a dielectric 
field [0. Moreover, the matrices U n are parametrized by smooth potentials A n (x) as 
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in Eq.(|73|) and < p n >= for the pure gauge theory and < p n >= const for the theory 
with fermions (in the confined phase the field p n {x) concentrates into a squeezed flux 
tube of the group centre charges) p2 |. 



Implying massless quarks we have the fermion determinant reduced as 

Det[l + —R s J2D n + h.c.]Y[Det c Rz l (88) 

a cr n x 

and the effective action, expanding in /3, as 

r e// = -£ln/W^ + i£(f f ySppf ] (89) 

x I a 

where we have already used that only closed (i.e. with even number of links) loops 
contribute and 

d 

D = R S ^ D n + h.c. (90) 

n=—d 

The following notations have been introduced 

^(1 + Wf)" 1 (91) 

D^y = Vn^)Pn(x)U n (x)5l +n (92) 

and Wg are the components of the Polyakov loop 

Wg = exp{ig/3M*)) ( 93 ) 

A chemical potential is present according to the change W — > exp(— j3p)W, W* — > 
exp(j3p)W* and the "reduced" fj symbols are 

- x = ( _ 1)!ei+ a* - 2 = ( _ 1) - 2 +x3 ; ^ = (94) 
The property of Eq. ( |68"D is automatically satisfied and 

for n/m/i taking into account (^). Going to the continuum limit we imply that 
we have to use the complete form of the Polyakov loop fl93|) in the limit i.e. we do not 
expand it around unit matrix unlike other gauge configurations U n (x). Admitting the 
configurations 

SpW s ^< SpW >, Pn {x) ^<p> (96) 

to be the basic ones we regard in (|8^) the loops with one antisymmetric tensor coming 
from three succesive links r] n r] m nk. In the continuum limit the smooth potentials of 
those links generate just the Chern-Simons action 

3 2 

a ^nmk{.A n d m A^ + — A n A m A]^) p n p m p^. (97) 
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The remaining links of such loops provide the factors Wp n W. Summing over loops 
distinguishing a couple of these factors we find their sum to be proportional to the 
strength tensor of the dielectric field F nm (p). This contribution should be added by the 
contribution of such loops but going the opposite direction. Then Eq. (|9T|) acquires the 
opposite sign and the change W — ► W* should be done. Assuming < SpW >G Z(N) 
let us expand R$ in Eq.(PTF) as 



Rg = W + i\ 3 W 3 + i\ 8 W 8 (98) 

where 

3 Wo = SpR, 3W a = Sp(X a R). (99) 

Then, as W G Z(N) all W commute with the field A and it is easy to understand that 
the sum of two loops going the opposite ways is proportional to the imaginary part 
of the Polyakov line. If the condensate < Aq > falls the calculations are much more 
complicated but the Chern-Simons action, nevertheless, is proportional to ImW with 



redefinition of gauge potentials as in f41fl . Thus, the effective action (p9|) provides the 
contribution 

ia < ImW > F mn {p) J d 3 xL cs (100) 

The coefficient a absorbs, firstly, the factors a t < p > l (I is the loop of length I and a\ 
is its "weight"); secondly, the contribution of loops with several antisymmetric tensors 
as at < p >t^ they do not cancel; thirdly, the octet part dependence of the Polyakov 
loop W a . As to an exact calculation of «o it can be estimated for the loops of small sizes 
only. This result, however, is not valid in SU{2) gauge theory because SpImW = 
and F mn (< p >) = as p n is an abelian field in that case. The field p n (x) may be 
nonabelian for 377(3) theory jKJ and if p n (x) belongs to the diagonal subgroup one 
could demand stronger condition F mn (p) ^ to be fulfilled (like for SU(2) as well). 
Concerning the conditions of Eq.(^) they are quite relevant for the deconfined phase 
where < SpW >^ and the dominant contribution comes from any configuration 
W = exp(27rm/3), n — 0, ±1 and its fluctuations due to global symmetry breaking. 
If n — ±1 then < ImW >^ leading to C (or CP) -symmetry breaking |19| and the 



Chern-Simons term generation. If n = 0, the loops going the opposite directions cancel 
each other. But even in this case the baryonic chemical potential attaches proper 
different weight factors to those loops and their sum is proportional to sinh/z s /?. It 
suggests that the following substitution 

i < ImW >— > i < ImW > cosh/i B/ 9+ < ReW > sinh/is/5 

should be done in Eq.( [L00| ). 



4 Summary 

Actually in the Introduction of the present paper we put, in essense, two principal 
questions: 
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i) could the high temperature QCD belong to the universality class with nontrivial 
parameter r ? Eventually it seems to us that small (dynamical or spontaneous) viola- 
tion of the CP-symmetry should be present in the theory. The Chern-Simons action 
appears then automatically which we have demonstrated above; 

ii) is it still possible to generate the Chern-Simons term in effective theory when 
the parameter r is trivial (for example, 8 = and < s < 1). It follows from our 
results that Scs can arise here also but except for the CP-symmetry breakdown when 
we need to have additional constraints for chemical potentials of the theory. 

Now we could answer these questions qualitatively concluding with: 

(i) the Chern-Simons action can be perturbatively generated by the fermionic de- 
terminant (dealing with generalized Wilson fermions on a lattice) when the Wilson pa- 
rameter r = 1 and the baryonic chemical potential is introduced in the form ifi^/j^^ , 
which corresponds, as a matter of fact, to different chemical potentials for the left-hand 
and the right-hand fermions. In a sense we disrecovered this result in more proper calcu- 
lations as it was obtained earlier in Ref.p2f with fixing A = 0. Besides, the parameter 
r may also take the form r = sexp (^75)70 with an arbitrary chemical potentials (in- 
cluding fiB = 0). CP-symmetry is obviously broken with this r but a classical limit 
is going to the standard continuum theory and a nonuniversal contribution could take 
the form of the Chern-Simons action. 

(ii) dealing with the Kogut-Susskind fermions, the #-term may be generated either 
by boundary conditions of torus or by singular potentials related to the centre of the 
gauge group. At high temperatures when the < A >-condensate is available the 
#-term is reduced to the Chern-Simons action. 

(iii) in the 577(3) gauge theory with nonperturbative dielectric vacuum appearing in 
the reduced theory, the Chern-Simons action is generated when the expectation value 
of the imaginary part of the Polyakov line is non-zero or baryonic chemical potential 
does exist. The latter takes place when < > and < A$ > are nonzero in the 
deconfined phase or < SpW >= exp(±i27r/3). 

For both items (ii) and (iii) we have to use the general form of the rj symbols for 
the Kogut-Susskind fermions with special properties to get the desirable result. 

The authors are grateful many colleagues for fruitful discussions but the remarks 
of Yu. Makeenko and G.Semenoff who had drawn our attention to the Rutherford's 
paper |32[ were especially valuable. 
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